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Abstract
In this paper we show that under some fairly general conditions the Overfull Conjecture
about the chromatic index of a graph G implies the Conformability Conjecture about the total
chromatic number of G. We also show that if G has even order and high maximum degree,
then G is conformable unless the de0ciency is very small. c© 2001 Elsevier Science B.V. All
rights reserved.
Keywords: Edge colouring; Total colouring; Overfull Conjecture; Conformability Conjecture
1. Introduction
The graphs in this paper are simple, that is they have no loops or multiple edges.
The edge chromatic number, or chromatic index, ′(G) of a graph G is the least
number of colours needed to colour the edges of G so that no two edges incident with
the same vertex receive the same colour. It is now more than 30 years since Vizing
[24] showed that
(G)6 ′(G)6(G) + 1;
where (G) is the maximum degree. If ′(G)=(G) then G is called Class 1, and if
′(G)=(G) + 1 then G is called Class 2.
Holyer [16] showed that the problem of determining whether a graph is Class 1 is
NP-hard. Notwithstanding this, the Overfull Conjecture of Chetwynd and Hilton [6], if
true, would classify nearly all graphs (labelled or unlabelled) into Class 1 and Class
2 graphs (see [10] for more details about this). A graph is called overfull if
|E(G)|¿(G)
⌊ |V (G)|
2
⌋
:
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It is easy to see that if G is overfull, then G must be Class 2. The Overfull Conjecture
[6] is:
Conjecture 1. If G is a graph satisfying (G)¿ 13 |V (G)|, then G is Class 2 if and
only if G contains an overfull subgraph H with (H)=(G).
There is a moderate amount of evidence to support this conjecture; for a review of the
evidence, see [10].
The total chromatic number T(G) of a graph G is the least number of colours
needed to colour the vertices and edges of G so that no two edges incident with the
same vertex receive the same colour, no two adjacent vertices receive the same colour,
and no incident edge and vertex receive the same colour.
There is no analogue for the total chromatic number of Vizing’s theorem about the
chromatic index. Instead we have the Total Chromatic Number Conjecture (TCC) of
Behzad [1] and Vizing [25] that
(G) + 16 T(G)6(G) + 2:
The lower bound here is very easy. This conjecture, now more than 30 years old, has
been veri0ed for graphs G satisfying (G)¿ 34 |V (G)| by Hilton and Hind [14], and
for graphs G satisfying (G)6 5 by Kostochka [17]. It has very recently been shown
by Molloy and Reed [20] that there is a constant c such that T(G)6(G) + c.
If T(G)=(G) + 1 then G is called Type 1, and if T(G)¿(G) + 2 then G is
Type 2. McDiarmid and Reed [19] have shown that at most a very small proportion of
graphs do not satisfy the TCC, and that in fact most graphs are Type 1. Sanchez-Arroyo
[23] showed that the problem of determining the total chromatic number of a graph is
NP-hard. Notwithstanding that, the Conformability Conjecture of Chetwynd and Hilton
[7], as modi0ed by Hamilton et al. [9], if true, would classify nearly all graphs (labelled
or unlabelled) into Type 1 and Type 2 graphs (again see [9] for more about this).
Let the de>ciency of G, def (G), be de0ned by
def (G)=
∑
v∈V (G)
((G)− dG(v)):
A vertex colouring of a graph G with (G) + 1 colours is conformable if the number
of colour classes of parity diJerent from that of |V (G)| is at most def (G). Note that
empty colour classes are permitted in this de0nition. A graph G is conformable if it has
a conformable vertex colouring. It is not very hard to see that if G is non-conformable
then G is Type 2. The modi0ed Conformability Conjecture is:
Conjecture 2. Let G be a graph satisfying (G)¿ 12 (|V (G)| + 1). Then G is Type
2 if and only if G contains a subgraph H with (G)=(H) which is either non-
conformable, or, when (G) is even, consists of K(G)+1 with one edge subdivided.
There is a full discussion of the Conformability Conjecture in [9]; see [13] as well.
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The following conjecture, called the 1-factorization conjecture, was posed in [4], and
may possibly go back to Dirac. It was shown in [11] and [21] to be a consequence of
the Overfull Conjecture.
Conjecture 3. If G is a -regular graph with an even number; at most 2; of vertices;
then G is Class 1.
Chetwynd and Hilton [5] proved Conjecture 3 if (G)¿ 12 (
√
7 − 1)|V (G)|.
Recently, Perkovic and Reed [22] proved that Conjecture 3 is true for large graphs
if |V (G)|¡(2− ). Earlier HLaggkvist (see [4]) announced a similar result.
In this paper we show that under some fairly general conditions the Overfull Con-
jecture implies the Conformability Conjecture. This implication will probably be useful
in the long run, as the Overfull Conjecture has the appearance of being more tractible
than the Conformability Conjecture. Corresponding to most of the implications pre-
sented here, we have 0rm results verifying the Conformability Conjecture but with
stronger hypotheses. The arguments are generally based on particular cases where the
Overfull Conjecture is known to be true. We hope to publish these 0rm results else-
where.
Finally, we mention that Theorem 1 is a strong result showing that non-conformable
graphs of even order, 2n, are fairly uncommon. If (G) satis0es 34 (2n)¿(G)¿
1
2 (2n),
a graph of even order 2n can only be non-conformable if G is regular, and for large
values of (G) the de0ciency must be very low. This result is a generalization of part
of Theorem 3:6 of [9]; in that theorem the structure of non-conformable graphs when
3
4 (2n)− 1¿(G)¿ 12 (2n) is given in precise detail.
2. Some useful lemmas
The 0rst lemma is due to Erdo˝s and PNosa [8]. Let (G) denote the edge independence
number of G, i.e., the largest number of independent edges to be found in G.
Lemma 1. Let G be a graph. Then
(G)¿min
{
(G);
⌊ |V (G)|
2
⌋}
:
Let e(G) denote the number of edges in G. Let PG denote the complement of G.
Hamilton et al. [9] showed:
Lemma 2 (Hamilton et al. [9]). For graphs G of even order 2n satisfying (G)¿
n− 1; G is non-conformable if and only if
e( PG) + ( PG)6 n(2n− (G))− 1;
or equivalently,
def (G)6 2n− 2( PG)− 2: (∗)
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To characterize the conformability of graphs of odd order, we have the following
lemma.
Lemma 3 (Hamilton et al. [9]). Let G be a graph of odd order 2n + 1. Then G is
conformable if and only if for some integer t with 06 t6 def (G); some even integers
j1¿ · · ·¿ jt¿ 2; some integer s¿ 0; and some odd integers i1¿ · · ·¿ is¿ 3 such
that
j1 + · · ·+ jt + i1 + · · ·+ is + ((G) + 1− s− t)= 2n+ 1;
the graph PG contains vertex disjoint complete subgraphs Kj1 ; : : : ; Kjt ; Ki1 ; : : : ; Kis .
Lemma 4 (Hamilton et al. [9]). Let G be a graph having odd order 2n + 1; de>-
ciency def (G); and maximum degree  where 2n − 1¿¿ 34 (2n) + 14def (G). Also
let def (G)6 2n − . Let G have a conformable vertex colouring. Then G has a
conformable vertex colouring with def (G) even colour classes and no empty colour
classes.
Lemmas 5 and 6 are useful in our proofs of the main results.
Lemma 5 (Hamilton et al. [9]). Let G be a graph having order 2n + 1; de>ciency
def (G) and maximum degree (G) satisfying 2n − 1¿¿ 34 (2n) + 14def (G). If G
has a conformable vertex-colouring  :V → {1; 2; : : : ; +1} with s non-singleton odd
colour classes; t even colour classes and no empty colour classes; then G has a con-
formable vertex colouring ′ :V → {1; 2; : : : ; + 1} with at most s+ 1 non-singleton
odd colour classes; t even colour classes; V ′1 ; V
′
2 ; : : : ; V
′
t say; no empty colour classes
and there is a sequence of vertices (y1; y2; : : : ; yt) such that yi 	∈ V ′i for i=1; 2; : : : ; t
where a vertex y appears in the sequence (y1; y2; : : : ; yt) at most  − dG(y)
times.
The proof of Lemma 6 is very similar to that of Lemma 5, and so is omitted (it is
actually given, without being explicitly stated, in [9]).
Lemma 6. Let G be a graph having order 2n + 1; de>ciency def (G) and maximum
degree (G) satisfying 2n − 1¿¿ 34 (2n) + 14def (G). If G has a conformable
vertex-colouring  :V → {1; 2; : : : ;  + 1} with singleton odd colour classes only; t
even colour classes; each of size 2; and no empty colour classes; then G has a con-
formable vertex colouring ′ :V → {1; 2; : : : ; +1} with singleton odd colour classes
only; t even colour classes; V ′1 ; V
′
2 ; : : : ; V
′
t say; each of which has size 2; no empty
colour classes; and there is a sequence of vertices (y1; y2; : : : ; yt) such that yi 	∈ V ′i
for i=1; 2; : : : ; t where a vertex y appears in the sequence (y1; y2; : : : ; yt) at most
− dG(y) times.
Lemmas 7 and 8 are proved in [15].
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Lemma 7. Let G be a simple graph with |V (G)|=2n + 1 and (G)¿ n. Then G
contains no overfull subgraph H with (H)=(G) and |V (H)|6 2n− 1.
Lemma 8. Let G∗ be a simple graph of order 2n + 2 and (G∗)¿ n + 1. Then G∗
contains no overfull subgraph H with (H)=(G∗) and |V (H)|6 2n− 1.
Lemma 9 is a well-known theorem of Dirac.
Lemma 9. Let G be a simple graph whose minimum degree (G) satis>es (G)¿
1
2 |V (G)|. Then G has a Hamiltonian cycle.
Lemma 10 is an easy consequence of a theorem of Berge [2, p. 201, Theorem 8].
Lemma 10. Let G be a graph having even order p and minimum degree . Let E be
an independent subset of E(G) and F be any subset of E(G) satisfying E ∩F =. If
¿ 12p+ e + F;
where e= |E| and F is the maximum degree of the subgraph of G induced by the
edge set F; then G contains a perfect matching including all the edges of E and
excluding all the edges of F.
3. Conformable graphs of even order
In this section we generalize Theorem 3:6 of [9]. In that theorem (G) satis0es
3
4 (2n)− 1¿(G)¿ 12 (2n), whereas here (G) is less restricted.
Theorem 1. Let G be a graph of order 2n with 2n− 3¿(G)¿ n− 1. Let
def (G)¿
(
2n− (G)− 1
2n− (G)− 2
)(⌊
2n
2n− (G) + 
⌋
− 2
)
;
where =0 if (G) is odd and =1 if (G) is even. Then G is conformable.
To get a sense of how strong this statement is, observe that the theorem asserts
that every graph G of even order 2n with (G)= n− 1 or, when n is even, = n, is
conformable. Moreover, if n¡(G)6 34 (2n) − 1 and G is non-conformable then the
fact (shown in [9, Lemma 3:5]) that def (G) is even implies that G is regular. As there
do exist regular non-conformable graphs when (G)6 34 (2n)− 1 (see [9]), this result
is best possible for these values of (G). It is de0nitely not best possible in the case
when 2n− (G)= 3. In that case, Theorem 1 only says that if def (G)¿22n=3 − 4
then G is conformable; in the proof of Corollary 2 we improve this by showing that
if def (G)¿ n − 2 then G is conformable. However, it seems very likely that the
correct lower bound for def (G) in this case is approximately 2n=3 when n is large.
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A non-conformable graph with def (G) ≈ 2n=3 and 2n− (G)= 3 can be produced in
the following way. Choose p so that(
p− 1
2
)
¡
1
2
⌊
1
3
(2n− p)
⌋
6
(
p
2
)
:
If n is not too small, this will be possible. Let PG consist of  13 (2n−p) disjoint K3’s
together with a component H on the remaining 2n− 3 13 (2n− p)¿p vertices with
 12 13 (2n − p) − 1 edges, where (H)¿ 2. Then ( PG)6  13 (2n − p) +  12 (2n −
3 13 (2n − p))= n −  12 13 (2n − p) and def (G)6 2 12 13 (2n − p) − 2, so that
2( PG) + def (G)6 2n−  13 (2n−p)+  13 (2n−p) − 2=2n− 2. Then, by Lemma 2,
G is non-conformable. Whether Theorem 1 is best possible for some values of (G)
in the range 2n− 4¿(G)¿ 34 (2n)− 1 is not known.
Proof (of Theorem 1). Suppose that G is non-conformable. By Lemma 2, G is non-
conformable if and only if def (G)6 2n − 2( PG) − 2. As def (G) is even, since
(G)¿ n− 1, there is a number k¿0 such that
( PG)= n− 12def (G)− k:
By Berge’s form [18] of Tutte’s 1-factor theorem, there is a set S ⊆ V (G) such that
o( PG − S)= |S|+ def (G) + 2k:
Let s= |S|.
We make the following de0nitions. A component of PG − S will be called large if
the order of the component is greater than ( PG)+ . Let c∗ denote the number of large
components of PG− S and let c∗o be the number of large odd components of PG− S. A
component of PG − S will be called small if the order of the component is between 1
and ( PG)+ , inclusive. For 16 i6 ( PG)+ , let ci denote the number of components
of order i in PG − S.
Since each large component of PG − S has order at least ( PG) + 1 + ,
c∗6
⌊
2n
( PG) + 1 + 
⌋
:
If PG − S has no small components, then c∗o = s+ def (G) + 2k, so that, as k ∈Z+,
def (G)6 c∗o − s− 26
⌊
2n
( PG) + 1 + 
⌋
− s− 26
⌊
2n
( PG) + 1 + 
⌋
− 2;
contradicting the assumption.
Now suppose that PG− S has at least one small component. Let  be the number of
edges in E( PG) that are incident with a vertex in S and a vertex in PG − S. The sum∑
v∈S d PG(v) is not more than s( PG) + def (G). Consequently,
 6 s( PG) + def (G):
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If C is a small component of PG− S of order i, then at least i(( PG)− (i− 1)) edges
of PG join vertices in C to vertices in S. Therefore
 ¿
( PG)+∑
i=1
i(( PG)− i + 1)ci:
Notice that if 16 i6 ( PG) then i(( PG) − i + 1) − ( PG)= (i − 1)(( PG) − i)¿ 0, so
that i(( PG) − i + 1)¿ ( PG), with equality only if i=1 or ( PG). When i= ( PG) + 1
then ( PG)− i + 1=0.
We therefore have
s( PG) + def (G)¿  
¿
( PG)+∑
i=1; i odd
i(( PG)− i + 1)ci
¿ ( PG)
( PG)+∑
i=1; i odd
ci
= ( PG)(o( PG − S)− c∗o )
= ( PG)(s+ def (G) + 2k − c∗o )
¿ s( PG) + ( PG) def (G) + 2( PG)− c∗o( PG):
Therefore
( PG)(c∗o − 2)¿ def (G)(( PG)− 1)
so that
( PG)
( PG)− 1
(⌊
2n
( PG) + 1 + 
⌋
− 2
)
¿ def (G);
or, in other words,(
2n− (G)− 1
2n− (G)− 2
)(⌊
2n
2n− (G) + 
⌋
− 2
)
¿ def (G):
Consequently, if(
2n− (G)− 1
2n− (G)− 2
)(⌊
2n
2n− (G) + 
⌋
− 2
)
¡def (G);
then G is conformable.
We shall use the following simpli0cation of Theorem 1.
Corollary 2. Let G be a graph of order 2n with 2n−3¿(G)¿ n−1. Let def (G)¿ n.
Then G is conformable.
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Proof. For 2n− (G)¿ 4 we apply Theorem 1 and the inequality
(
2n− (G)− 1
2n− (G)− 2
)(⌊
2n
2n− (G) + 
⌋
− 2
)
6
2
1
(⌊
2n
4
⌋
− 2
)
¡n:
For 2n − (G)= 3 we argue as follows, and actually show that if def (G)¿ n − 2
then G is conformable. Suppose that G is non-conformable. Then, as in the proof of
Theorem 1, ( PG)= n− 12 def (G)−k for some integer k¿ 1, and there is a set S ⊆ V (G)
such that o( PG − S)= |S| + def (G) + 2k. It follows that o( PG − S)¿ n − 2 + |S| + 2k
and that ( PG)= n− 12 (o( PG − S)− |S|).
Since |V (G)−S|6 2n, at least one of the components of PG−S must be a singleton
vertex. In PG this vertex must be joined to at least two vertices of S, so |S|¿ 2. Let
"= |S|−2, so that "¿ 0, |S|=2+" and |V (G)−S|=2n−2−". Let #=o( PG−S)−
n− 2− ", so that o( PG − S)= n+ 2+ "+ #, #¿ 0 and ( PG)= n− 12 (n+ 2+ #+ "−
2− ")= 12 (n− #).
As in the proof of Theorem 1, let  be the number of edges of PG with one end in
V (G)− S and the other end in S; the contribution of the vertices in S to def (G) is at
least  − 2|S|, so def (G)¿  − 4− 2".
Now we 0nd a lower bound on  . Let l be the number of vertices belonging to
components of PG − S of order at least 4. For 16 i6 3, let ci be the number of
components of PG − S of order i. Then
 ¿ 2c1 + 2c2 = 3(c1 + 2c2 + 3c3)− (c1 + 4c2 + 9c3)
= 3(|V (G)− S| − l)− (c1 + 4c2 + 9c3)
= 3(2n− 2− ")− %;
where %=3l + c1 + 4c2 + 9c3. To 0nd an upper bound on % we argue as follows.
Given that PG−S has at least n+2+"+# components, we maximize % in the following
way. We allocate n + 2 + " + # vertices of V (G) − S to distinct components; there
are |V (G) − S| − (n + 2 + " + #)= n − 4 − 2" − # vertices remaining. Having made
some allocation of these to the components, we observe that moving a vertex from a
component of order ¿ 4 to one at least as large does not change %, moving a vertex
from a component of order 2 to another component of order 2 increases %, and moving
a vertex from a component of order 2 to a component of order greater than 2 does not
change %. Thus, % is maximized by allocating the remaining vertices so as to create as
many components of order 3 as possible and leaving all of the other components as
singletons, except possibly for one doubleton. Thus there would be  12 (n− #)− 2− "
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components of order 3, so
 ¿ 3(2n− 2− ")− 9{ 12 (n− #) − 2− "}
−{n+ 2 + " + #− ( 12 (n− #) − 2− ")− 1} − 4
= 5n+ 5 + 4" − #− 8 12 (n− #)
¿ n+ 5 + 4" + 3#:
Therefore def (G)¿ n + 5 + 4" + 3# − 4 − 2"= n + 2" + 3# + 1, so that
def (G) + 2( PG)¿ n+ 2" + 3#+ 1 + n− #=2n+ 1 + 2" + 2#¿ 2n− 1.
But this contradicts the fact that, by Lemma 2, def (G)+2( PG)6 2n− 2. Therefore
if def (G)¿ n− 2 then G is conformable.
4. The Overfull and Conformability Conjectures
We 0rst consider graphs of even order.
Theorem 3. Suppose that the Overfull Conjecture is true. Let G be a graph of order
2n satisfying (G)6 2n−2; (G)+(G)¿ 32 (2n)−1 and def (G)¿ ((G)−(G))+n.
Then G is Type 1.
Remark 1. If =2n − 1 then the situation is fully understood (see [9] or [12]). In
this case it is possible for G to satisfy (G) + (G)¿ 32 (2n) − 1 and def (G)¿
((G)− (G)) + n and yet be Type 2.
Remark 2. If =2n− 2 the situation is again fully understood (see [3] and [9]) and
the statement of Theorem 3 is correct.
Proof (of Theorem 3). In view of Remark 2, we may assume that 2n−(G)¿ 3. By
Corollary 2, G is conformable. The conditions of the theorem imply that (G)¿ n−1
(in fact (G)¿ 12 (3n− 1)), so by Lemma 2, ( PG)¿ n− 12 def (G).
We need to distinguish between two cases:
(a) def (G)¿ 2− 2n+ 2,
(b) def (G)6 2− 2n.
Let i be de0ned such that def (G)= 2(G)− 2n− 2i. Then ( PG)¿ 2n− (G) + i.
We remark that if i6− 1, it is case (a); and if i¿ 0, it is case (b).
Let
z=
{
2n− (G)− 1 if i6− 1; this is case (a);
2n− (G) + i if i¿ 0; this is case (b):
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Since, by Lemma 1, ( PG)¿ ( PG)= 2n−(G)−1, it is clear that ( PG)¿ z. Note that
since
def (G)¿ ((G)− (G)) + n
it follows that
2(G)− 2n− 2i¿ ((G)− (G)) + n:
Therefore
(G) + (G)¿ 32 (2n) + 2i:
For case (a) it is helpful to note that we assume the stronger inequality
(G) + (G)¿ 32 (2n)− 1:
Let the vertices of G be v1; : : : ; v2n. Since ( PG)¿ z, we can 0nd in G z disjoint pairs
of independent vertices. Let {xj; yj} be such a collection of pairs for 16 j6 z.
From G form a graph G∗ by introducing a vertex v∗ and joining it to the 2n − 2z
vertices V (G)\{x1; y1; : : : ; xz; yz}, and also adding in edges xjyj for 16 j6 z. Notice
that
dG∗(v∗) = 2n− 2z
=
{
2n− 2(2n− (G) + i) if i¿ 0;
2n− 2(2n− (G)− 1) if i6− 1;
=
{
2− 2n− 2i if i¿ 0;
2− 2n+ 2 if i6− 1;
and dG∗(v)6+ 1 for v∈V (G).
Now let F1; : : : ; Fz be edge disjoint 1-factors of G∗ − v∗ such that, for 16 j6 z,
Fj contains xjyj, and if i¿ 0 then let Fz+1; : : : ; F+1−2n+2z be further edge-disjoint
1-factors of G∗ − v∗ (note that if i¿ 0 then + 1− 2n+ 2z¿z).
Now we proceed to show that these matchings do exist. For 16 j6 z, suppose
that F1; : : : ; Fj−1 have been chosen. Let Gj =G\E(F1 ∪ : : : ∪ Fj−1) and let Goj be
the simple graph formed from Gj by identifying xj and yj, and joining any vertex
v∈V (Gj)\{xj; yj} to the identi0ed vertex by an edge if and only if v is joined to xj
or yj. Then for 16 j6 2n− (G)− 1, the least degree in Goj is
(G)− j¿ (G)− (2n− (G)− 1)
= (G) + (G)− 2n+ 1
¿ n:
For 2n−6 j6 z (which is only possible in case (b)) we have z6− 2n+2z, and
the least degree in Goj is
(G)− j¿ (G)− z
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¿ (G)− (− 2n+ 2z)
¿ (G)− + 2n− 2(2n− + i)
¿ + − 2n− 2i
¿ 3n+ 2i − 2n− 2i
= n;
since (G) + (G)¿ 32 (2n) + 2i. Therefore, in both cases it follows from Lemma 9
that the graph Goj contains a Hamilton cycle. Therefore G
∗− v∗ contains a 1-factor Fj
which contains xjyj and misses the edge xkyk for 16 k6 z, k 	= j.
In case (b), when z+16+1−2n+2z (i.e. 2n−(G)6 z), we need to construct
some further 1-factors of G∗ − v∗. For z + 16 j6+ 1− 2n+ 2z, we have,
(G)− (j − 1)¿ n:
If we suppose that F1; : : : ; Fj−1 have been chosen, then by the same argument as above
G\E(F1 ∪ : : : ∪ Fj−1) has a Hamilton cycle, and so G∗ − v∗ contains a 1-factor Fj.
Let G+ =G∗\E(F1 ∪ : : : ∪ F+1−2n+2z) if i¿ 0 or let G+ =G∗\E(F1 ∪ : : : ∪ Fz) if
i6− 1. Then dG+(v∗)=dG∗(v∗)6 def (G) and
(G+) =
{
(G) + 1− z if i6− 1;
(G) + 1− (+ 1− 2n+ 2z) if i¿ 0;
=
{
(G) + 1− (2n− − 1) if i6− 1;
2n− 2z if i¿ 0;
= 2n− 2z in both cases
= dG∗(v∗):
Note also that
(G+)
{
6 def (G) if i6− 1;
=def (G) if i¿ 0:
Since
(G) + (G)¿
{
3
2 (2n)− 1 if i6− 1;
3
2 (2n) + 2i if i¿ 0;
it follows that
(G+) =
{
(G) + 1− z if i6− 1;
(G) + 1− (+ 1− 2n+ 2z) if i¿ 0;
=
{
+ − 2n+ 2 if i6− 1;
+ − 2n− 2i if i¿ 0;
¿ n:
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So by Lemma 7, G+ contains no overfull subgraph H of maximum degree def (G)
with |V (H)|6 2n− 1.
Now consider the question of whether G+ contains an overfull subgraph H of max-
imum degree (G+) with |V (H)|=2n+ 1.
In G∗ for v∈V (G), we have dG∗(v)= 1 + dG(v), so it follows that∑
v∈V (G)
((G∗)− dG∗(v))= def (G)
and, since dG∗(v∗)=dG+(v∗)=(G+), it follows that def (G+)=def (G). Since
def (G)¿(G+) it follows that∑
v∈V (G+)
dG+(v) = (2n+ 1)(G+)− def (G+)
6 2n(G+):
Therefore
|E(G+)|6(G+) 12 |V (G+):
So G+ is Class 1 by our assumption that the Overfull Conjecture is true. So we can
colour the edges of G+ using (G+) colours.
We need to consider two cases.
Case 1: i6− 1. This gives the total colouring in case (a).
From an edge-colouring of G+ with colours cz+1; : : : ; c+1, we form a total colouring
of G with +1 colours c1; : : : ; c+1 as follows. Each edge of G which is also an edge
of G+ receives the same colour. For 2z+16 j6 2n, the vertex vj receives the colour
of the edge vjv∗. For 16 j6 z, the two vertices xj and yj each receive the colour cj,
and the edges of E(Fj)∩ E(G) also receive the colour cj. It is easy to see that this is
a total colouring of G.
Case 2: i¿ 0. This case gives the total colouring in case (b).
From an edge-colouring of G+ with colours c+2−2n+2z ; : : : ; c+1, we form a total
colouring of G with  + 1 colours c1; : : : ; c+1 as follows: Each edge of G which
is also an edge of G+ receives the same colour. For 2z + 16 j6 2n, the vertex vj
receives the colour of the edge vjv∗. For 16 j6 z, the two vertices xj and yj each
receive the colour cj, and the edges of E(Fj) ∩ E(G) also receive the colour cj. For
z¡j6+ 1− 2n+ 2z the edges of E(Fj) ∩ E(G) receive the colour cj. It is easy to
see that this is a total colouring of G.
This proves Theorem 3.
Now we consider graphs of odd order.
Theorem 4. Suppose that the Overfull Conjecture is true. Let G be a graph of order
2n+1 such that (G)¿ 34 (2n+1)+
1
4 def (G) and def (G)¿ 2n+(G)−2(G). Then
G is Type 1.
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Remark 3. We would like to point out that a similar result was proved in [15,
Theorem 2]. However that proof was seriously Rawed.
Remark 4. In Theorem 5 we prove a companion result with low de0ciency, namely
def (G)6 2n− (G).
Proof. By Lemma 1, we know that ( PG)¿ 2n − (G). Also, we notice that
2(2n − (G)) + (G) + 1 − (2n − (G))= 2n + 1. Since def (G)¿ 2n + (G) −
2(G)¿ 2n − (G), it follows that G is conformable (we colour 2n − (G) dis-
joint pairs of vertices with 2n− (G) colours, and colour the remaining vertices with
(G) + 1− (2n− (G)) colours).
Using Lemma 6, we may select a conformable vertex colouring with (G)+1 colours
with the property that there are t=2n−(G) even colour classes, say, C1; : : : ; C2n−(G),
each of which has size 2, no empty colour classes and there is a sequence of vertices
(y1; y2; : : : ; yt) such that yi 	∈ Ci for i=1; 2; : : : ; t, where a vertex y appears in the
sequence (y1; y2; : : : ; yt) at most (G)− dG(y) times.
From G form a graph G∗ by joining a further vertex v∗ to each vertex of V (G)\⋃2n−(G)
i=1 Ci. Then the degree of v
∗ is (G) + 1− (2n−(G))= 2(G)− 2n+1. The
number of vertices not joined to v∗ is 2(2n− (G)) and is also (2n+ 1)− dG∗(v∗).
We now 0nd edge disjoint matchings F1; : : : ; F2n−(G) in G∗ such that, for 16 i6
2n− (G), Fi is a 1-factor of G∗ − Ci − yi − v∗.
To see that such a matching exists, 0rst notice that
(G) + (G)¿ 2( 34 |V (G)|+ 14 def (G))− (G) + (G)
¿ 32 |V (G)|+ 12(2n+ (G)− 2(G))− (G) + (G)
¿ 32 |V (G)|+ 12(2(G)− 2(G))− (G) + (G)
¿ 32 |V (G)|;
so that (G)+ (G)¿  32 |V (G)|. Now suppose that F1; : : : ; Fi−1 have been found for
some i∈{1; 2; : : : ; 2n − (G)}, and consider the graph G∗i =G∗\E(F1 ∪ : : : ∪ Fi−1) −
Ci − yi − v∗. Then
(G∗i )¿
(
min
v∈V (G)
dG∗(v)
)
− (i − 1)− 4
¿ (G)− i − 3
¿  32 |V (G)| − (G)− i − 3
= (2n− (G)) + n+ 2− i − 3
¿ n− 1; since i6 2n− (G);
= 12 |V (G∗i )|:
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By Lemma 9, G∗i has a Hamilton cycle; for Fi we take every other edge of this
Hamilton cycle.
Now consider the graph G+ =G∗\E(F1 ∪ : : : ∪ F2n−). Note that (G+)=
(G) + 1− (2n− (G))= 2(G)− 2n+ 1=dG+(v∗). Since, for v∈V (G), dG+(v)¿
(G) − (2n − )¿ n + 1, it follows from Lemma 8 that G+ contains no overfull
subgraph H of maximum degree (G+) with |V (H)|6 2n− 1.
Now consider the question of whether G+ contains an overfull subgraph H of max-
imum degree (G+) with |V (H)|=2n+ 1. We have∑
v∈V (G+)
dG+(v)
= 2|E(G+)|
=2(|E(G∗)| − (2n− )(n− 1))
= (2n+ 2)(+ 1)−
∑
v∈V (G∗)
(+ 1− dG∗(v))− 2(2n− )(n− 1)
= (2n+ 2)(+ 1)− 2(2n− )(n− 1)
−
∑
v∈V (G)
(+ 1− dG∗(v))− (2n− )
= (2n+ 2)(+ 1)− (2n− )(2n− 1)
−
∑
v∈V (G)
(− dG(v))− (2n+ 1) + (+ 1− (2n− ))
= 2n(+ 1− (2n− ))− def (G)− (2n− ) + 2+ 2
=2n(G+)− def (G) + 3− 2n+ 2:
Let w be a vertex of G+. Note that dG+(v∗)=(G) + 1 − (2n − (G))¿
(G) − (2n − (G)) + 1 and that, for w∈V (G), dG+(w)¿ (G) + 1 − (2n − (G)),
since either w is joined in G∗ to v∗, or w is in some Ci, and so is not included in one
of the Fi. Then
2|E(G+\w)|
=
∑
v∈V (G+)
dG+(v)− 2dG+(w)
6 2n(G+)− def (G) + 3− 2n+ 2− 2((G)− (2n− ) + 1)
=2n(G+)− def (G) + 2n+ − 2(G)
6 2n(G+):
Therefore G+\w is not overfull with maximum degree (G+). It follows that G+ can
be edge coloured with (G+)=+ 1− (2n− ) colours.
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Colour the edges of G∗\E(F1 ∪ · · · ∪ F2n−) with colours c2n−+1; : : : ; c+1. From
this obtain a total colouring of G with colours c1; : : : ; c+1 as follows. For 2n −
 + 16 i6 + 1, colour each vertex of G which is joined to v∗ by an edge with
the colour that edge received, and keep the same colour on the remaining edges of
G∗\E(F1 ∪ · · · ∪ F2n−). For 16 i6 2n− , colour the vertices of Ci and the edges
of Fi with colour ci. This is the required Type 1 total colouring of G. This completes
the proof of Theorem 4.
Next, recall that the Overfull Conjecture implies the 1-factorization Conjecture [11,21].
Theorem 5. Suppose that the 1-factorization Conjecture is true. Let G be a graph of
odd order 2n+1. Suppose that (G)¿ 34 |V (G)|+14 def (G)+ 54 . If def (G)6 2n−(G);
then G is Type 1 if and only if G is conformable.
Remark 5. It is not hard to construct examples of graphs satisfying the parameters of
Theorem 5 which are non-conformable. An easy example is obtained from K2n+1 by
removing a 2-factor that contains no 3-cycles. See [9] for further instances.
Proof. First note that if G is Type 1, then G is conformable. To prove the con-
verse, assume that G is conformable. We need to prove that G is Type 1. Since
(G)¿ 34 |V (G)| + 14 def (G) + 54 and def (G)6 2n − (G), by Lemma 4, it follows
that G has a conformable vertex colouring  with def (G) even colour classes and no
empty colour classes.
By Lemma 5, G has a conformable vertex colouring  :V → {1; 2; : : : ; + 1} with,
say, s non-singleton odd colour classes, def (G) even colour classes V1; : : : ; Vdef (G), and
no empty colour classes, for which there exists a sequence of vertices (y1; : : : ; ydef (G))
such that yi 	∈ Vi for i=1; 2; : : : ; def (G), where a vertex y appears in the sequence of
vertices (y1; : : : ; ydef (G)) at most − dG(y) times. It follows that y appears in the list
(y1; : : : ; ydef (G)) exactly − dG(y) times.
Now we proceed to 0nd a total colouring of G with (G) + 1 colours. From G
we create a multigraph H as follows. Let W1; : : : ; Ws be the odd non-singleton colour
classes of . For 16 l6 s, let zl be a vertex of Wl and let Ml be a 1-factor in
the complete graph induced by PG on the set Wl\zl. For 16 l6 def (G), let Nl be a
1-factor in the complete graph induced by Vl. Let G′ denote the graph G with the extra
edges of M1∪· · ·∪Ms∪N1∪· · ·∪Ndef (G) adjoined. Add a new vertex v∗ to G′, joining
v∗ to each vertex v in V (G) for which dG′(v)¡+1 by (+1)− dG′(v) edges. The
multigraph formed is called H . Note that H is regular of order 2n+2 and degree +1.
The degree of v∗ is calculated by the equality j1 + · · ·+ jdef (G) + i1 + · · ·+ is+((G)+
1− s− def (G))= 2n+1 (see Lemma 3). Note that if y∈{y1; : : : ; ydef (G)}\(W1 ∪ · · · ∪
Wl ∪ V1 ∪ · · · ∪ Vdef (G)) then y is joined to v∗ by at least two edges of H .
From H we pick out edge-disjoint 1-factors F1; F2; : : : ; Fs+def (G) having the following
properties. For 16 l6 s, Fl is a 1-factor of H\E(F1 ∪ · · · ∪ Fl−1) containing the
partial matching Ml and an edge v∗zl. For s+ 16 l6 s+ def (G), Fl is a 1-factor of
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H\E(F1 ∪ · · · ∪ Fl−1) containing the partial matching Nl−s and an edge el−s joining
v∗ to yl−s. To see that these 1-factors exist, let Gl denote the simple graph underlying
the multigraph H\E(F1∪· · ·∪Fl−1∪Ml+1∪· · ·∪Ms∪N1∪· · ·∪Nde(G)) if 16 l6 s, or
H\E(F1∪ · · · ∪Fl−1∪Nl−s+1∪ · · · ∪Ndef (G)) if s+16 l6 s+def (G). By Lemma 10,
Gl has a suitable 1-factor Fl if
(Gl)¿ 12 |V (Gl)|+ (|Ml|+ 1) for 16 l6 s;
or
(Gl)¿ 12 |V (Gl)|+ (|Nl|+ 1) for s+ 16 l6 s+ def (G):
The degree of H\E(F1 ∪ · · · ∪ Fl−1) is + 1− (l− 1). If l6 s and def (G) 	=0 then
up to def (G) edges incident with v∗ are omitted when Gl is formed from H\E(F1 ∪
· · · ∪ Fl−1), and we have that
(Gl)¿+ 1− (l− 1)− def (G)
¿− s− def (G):
If l¿s (so that def (G)¿0) then E(F1∪· · ·∪Fl) includes the l−s edges yiv∗ (s¡i6 l),
and so only at most def (G)−(l−s) edges incident with v∗ are omitted from H\E(F1∪
· · · ∪ Fl−1) in forming Gl. Thus
(Gl)¿+ 1− (l− 1)− (def (G)− (l− s))
¿− s− def (G):
If def (G)= 0, so that l6 s, then the edges of Ml+1 ∪ · · · ∪ Ms are omitted from
H\E(F1 ∪ · · · ∪ Fl−1) when Gl is formed, and we have
(Gl)=+ 1− (l− 1)− 1:
Thus in each case we have that
(Gl)¿− s− def (G) (16 l6 s+ def (G)):
By the equality stated in Lemma 3,
2n+ 1= |W1|+ · · ·+ |Ws|+ |V1|+ · · ·+ |Vdef (G)|+ (+ 1− s− def (G));
so that, for 16 l6 s,
|Wl| = 2n+ 1− |W1| − · · · − |Wl−1| − |Wl+1| − · · · − |Ws|
−|V1| − · · · − |Vdef (G)| − (+ 1− s− def (G))
6 2n+ 1− 3(s− 1)− 2 def (G)− − 1 + s+ def (G)
= 2n− 2s− def (G)− + 3
and similarly, for s+ 16 l6 s+ def (G),
|Vl|6 2n− 2s− def (G)− + 2:
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Since |Ml|= 12(|Wl| − 1) and |Nl|= 12 |Vl|, Gl has a suitable 1-factor if
(Gl)¿ n+ 1 + (n− s− 12 def (G)− 12+ 3):
It follows that Gl has a suitable 1-factor if
− s− def (G)¿ 2n− s− 12 def (G)− 12+ 4;
i.e., if
¿ 23 (2n) +
1
3 def (G) +
8
3 :
But, by hypothesis,
¿ 34 (2n+ 1) +
1
4 def (G) +
5
4
= 23 (2n) +
1
3 def (G) +
8
3 +
1
12 (2n− def (G)− 8):
However
2n¿¿ 34 (2n+ 1) +
1
4 def (G) +
5
4 ;
so that
1
4 (2n)¿
1
4 def (G) + 2
i.e.
2n¿ def (G) + 8:
Therefore
¿ 23 (2n) +
1
3 def (G) +
8
3 ;
as required. Thus Gl does have a suitable 1-factor, and so the 1-factors F1; F2; : : : ;
Fs+def (G) do exist.
Now consider the graph H ′=H\E(F1 ∪ · · · ∪ Fs+def (G)). The graph H ′ is regular of
degree (G) + 1− s− def (G). By Lemma 3 and our hypothesis
2n¿ 2s+ def (G) + 
¿ 2s+ def (G) + 34 (2n) +
1
4 def (G) +
5
4
so that
1
4 (2n)¿ 2s+
5
4 def (G) +
5
4 :
Therefore
+ 1− s− def (G)¿ 34 (2n) + 14 def (G) + 94 − s− def (G)
= n+ 94 +
1
4 (2n)− s− 34 def (G)
¿ n+ 94 + 2s+
5
4 def (G) +
5
4 − s− 34 def (G)
¿ n+ 1:
The requirement that, for s + 16 l6 s + def (G), Fl contains the edge el−s ensures
that H ′ is a simple graph. Therefore, by the 1-factorization conjecture, H ′ is Class 1.
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We obtain a total colouring of G, with + 1 colours as follows: for 16 l6 s, the
vertices of Wl and the edges of Fl which are in G\Wl are coloured with colour cl. For
s+16 l6 s+def (G), the vertices of Vl−s and the edges of Fl which are in G\(Vl−s∪
{yl−s}) are coloured with cl. We edge colour H ′ with colours cs+def (G)+1; : : : ; c+1,
then colour each edge of G which is also in H ′ with the colour it received in H ′. For
each v∈V (G) with vv∗ ∈E(H ′), colour v with the colour the edge vv∗ received in H ′.
Clearly all edges of G receive a colour. The vertices of W1∪· · ·∪Wl∪V1∪· · ·∪Vdef (G)
and the vertices that are joined to v∗ in H ′ all receive a colour. Since the vertices
y∈{y1; : : : ; ydef (G)}\(W1 ∪ · · · ∪Wl ∪ V1 ∪ · · · ∪ Vdef (G)) were joined to v∗ by at least
one edge in H ′, these vertices do actually receive a colour. It is then easy to see that
all vertices of G receive a colour. This completes the proof of Theorem 5.
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